In recent years, there has been broad research interest in the development of beamforming and precoding techniques for MIMO wireless communication systems. Most existing works focus on the single transmission session between transceivers. We expand the MIMO precoder design to take into account the significant role that ARQ (Automatic Repeat reQuest) may play in practical systems. We investigate the design of linear precoders for maximizing the ergodic capacity of MIMO-ARQ systems. Without the precise channel knowledge, our low complexity precoder designs are based on MIMO channel statistic information to achieve significant performance gain under ARQ.
I. INTRODUCTION
It has been well established that wireless communications can achieve significant increase of ergodic channel capacity by equipping multiple antennas at both transmitters and receivers [1] . To realize the capacity gain of such multiinput-multi-output (MIMO) systems, however, careful design of MIMO input signal (spatial) covariance and transmitter beamforming are needed. When the MIMO channel matrix has zero mean and white Gaussian entries, isotropic input signals can optimally achieve the ergodic capacity [1] . For more general cases of MIMO channel matrix with nonzero mean and/or correlated entries, optimum beamforming that maximizes the ergodic capacity has been proposed in [2] . Furthermore, given imperfect channel state information (CSI) at transmitters, optimal MIMO beamforming has been developed in [3] .
We generalize the design of transmitter precoding for MIMO wireless systems that are equipped with ARQ for error protection. In practical systems, Automatic Repeat reQuest (ARQ) is widely used to improve communication reliability. Previous works have investigated optimum MIMO precoder design for systems with ARQ under perfect CSI feedback [6] . However, practical realization of perfect CSI at transmitters is difficult, if not impossible. Typically, CSI knowledge at the transmitter relies on limited precision feedback from the receiver and is far from perfect, especially for mobile users. This fact serves as the major motivation of this work. Focusing on mean CSI feedback, we derive a precoder design to maximize ergodic capacity. We first apply multivariate statistics and linear algebra to determine the structure of optimum precoders. We apply convex optimization to solve the power allocation problem. Our approach only requires long-term information on the mean of MIMO channel matrix to offer significant performance gain over designs not integrated with the ARQ.
II. SYSTEM MODEL
We now describe our integrated MIMO-ARQ precoder problem. Without loss of generality, we assume M total transmissions for a given packet u in an ARQ-enabled system. After demodulation and baseband processing,, the received signal vector is given by
where F i , H i , y i , and w i represent the linear precoder, channel response, received signal vector, and additive white circular symmetric Gaussian noises, respectively, for the i−th transmission. H and w are H i F i and w i stacked into columns. The ergodic capacity for the system of (1) is
where I K denotes a K ×K identity matrix, γ denotes Signal to Noise Ratio (SNR). There are N T transmit and N R receive antennas.
We assume the receiver has perfect CSI and there is a delayed CSI feedback channel from the receiver to the transmitter. Hence, the transmitter also knows the CSI of previous transmission(s) {H i , i = 1, · · · , m − 1} but only knows some statistical information for the (current) m−th transmission channel (H m ). The transmitter certainly knows the precoder(s) {F i , i = 1, · · · , m − 1} it used in previous transmissions. Note that precoders in previous transmissions have been applied and cannot be changed for the m−th transmission. Our goal is to design the current precoder F m which maximizes the ergodic capacity given in eqn. (2) . Therefore, the ergodic capacity maximizing precoder can be optimized as
where A is positive definite and equal to
Define the eigenvalue decomposition of A as
where U A is a unitary matrix and Λ is a diagonal positive definite matrix. If the channel mean is known to the transmitter, we can split the channel response for the current transmission into
whereH depicts the known deterministic component of the current channel response, and H w depicts the random component due to various non-ideal factors such as noisy feedback channel, poor detection, and untracked channel variation. We assume that H w is an N R ×N T matrix of i.i.d. zero mean circular symmetric Gaussian distributed entries, each of which has variance σ 2 H w .
III. PRECODER DESIGN BASED ON CHANNEL MEAN
Let the SVD of channel meanH bē
Substituting (5-7) into (3), and recalling that H w is isotropically distributed, we have
In addition, since det (I + AB) = det (I + BA), letting
allows us to rewrite the precoder design problem into
To solve the optimization problem (10), first factorize
where both Q and P are unitary, and S is diagonal with positive entries. Note that such factorization is always feasible because Λ is invertible as an identity plus a positive semi-definite matrix. With eqn. (11), we can alter the power constraint form
To simplify our later derivations, we define a scalar function
III-A. Optimal Solution for the right Unitary Matrix P
We first need a lemma to establish Theorem 1. Lemma 1: [4] Let A and B be two n × n positive semidefinite Hermitian matrices with eigenvalues {λ
Theorem 1: The optimal right unitary P must be a permutation matrix. Moreover, if F opt = QSP H Λ gives the optimal solution, P arranges the diagonal entries of S and Λ in reverse order. That is S ii ≥ S jj , if Λ Pii ≤ Λ Pjj , for all pairs of (i, j), where Λ P = P H ΛP, and S ii and Λ P ii denote the i-th diagonal entry of S and Λ P , respectively. Proof: Suppose F opt = QSP H Λ. Define a permutation matrix P 1 which arranges the the diagonal entries of S in reverse order. Let A = PS 2 P H and B = Λ 2 , according to Lemma 1, we have
If eqn.(12) holds in strict sense, then it means that by replacing P with P 1 , we can use another diagonal matrix S 2 + εI (ε > 0) which result in greater ergodic capacity (f Q (S 2 ) ≤ f Q (S 2 + εI)), while still meeting the power constrain. This contradicts the assumption that F opt is optimum.
When eqn. (12) is an equality (one possibility is that P = P 1 ), then replacing P with P 1 would neither decrease the ergodic capacity nor affect the power constrain. Hence, we can conclude one optimal right unitary matrix P is a permutation matrix that arranges S and Λ in reverse order.
This Theorem allows us to restrict the choice of P to be permutation without affecting optimality.
III-B. Optimal Solution of the Left Unitary Matrix Q
It is harder to find the optimal left unitary matrix Q because of the logarithm operator in the ergodic capacity expression. Instead of optimizing the exact ergodic capacity, we aim to maximize an upper bound. Using Jensen's inequality, we have E {log det(A)} ≤ log {E(det A)} .
Hence, for given S and P, the problem of finding optimal Q can now be simplified into
We need two following lemmas to find the optimal Q Lemma 2: [4] Let W be a non-central Wishart distributed matrix with non-central matrix L and degrees of freedom of n, and we use χ 2 (n, µ) to denote non-central χ 2 distribution with n degrees of freedom and non-centrality parameter µ.
The first moment of a χ 2 (n, µ) distributed random variable can be calculated as µ + n.
Lemma 3: [5] For any positive definite matrix A, we have
Furthermore, the equality holds if and only if A is diagonal.
On the other hand, according to Lemma 2, W ii is independent of W jj , if i = j. Therefore,
where the second equality holds as W ii has a non-central χ 2 distribution. To find a Q to maximize eqn.(16), we further restrict Q also to be a permutation matrix. This restriction is supported by our simulation results. It is clear from eqn. (16) that the optimal permutation Q should arrange the diagonal entries of ∆ ∆ ∆ and QS 2 Q H in the same order. Recall that section III-A has shown that the optimal P should pair S and P H ΛP in the reverse order. Therefore, we conclude that the optimal matrices pair (P, Q) should pair the diagonal entries of P H ΛP and Q H ∆Q in the reverse order.
III-C. Optimal Solution for the Diagonal Matrix S
For given unitary matrix Q, and permutation P, we have the linear precoder design problem
where
is a concave function whose feasible domain Ω = S 2 |tr{S 2 Λ 2 P } ≤ p is also convex. Hence, (17) is a convex optimization problem. We apply the well known Karush-Kuhn-Tucker (KKT) conditions to solve for the optimal S opt . Define a family of functions
where X ii denotes the ith diagonal entry of X. According to the KKT theorem, for the optimal solution S opt , there exist some
We apply matrix differential to find the gradients
where S 2 ii denotes the i−th diagonal entry of S 2 , C = (∆+ H w )Q, and G = E γC (19) and (22) . Since G and Λ P are diagonal, we find that
Note that G is a function of S. Eqn. (23) gives the sufficient and necessary condition for optimal solution S opt . In most cases of interest, the channel uncertainty H w is small compared with channel meanH, and the SNR is much greater than 1. Therefore, the first order expansion of G serves as a good approximation
where ∆ Q = Q H ∆Q, and c is given by
To derive the approximation of (24), we applied the approximation that (I + εA) −1 ≈ I − εA for small ε, and the fact that third moments of zero mean Gaussian random variables are zero.
Combining (19) and (24), and noting that η i = 0 if S ii = 0, we find the explicit expression for the optimal S,
Numerically, we can apply projective gradient descent method or interior-point method to determine the optimal S.
IV. SIMULATION RESULTS
For each MIMO system setup, we generate 500 random channels, and test the BER performance for each SNR and precoder scenario. For each scenario, at least 10,000 symbols are simulated, and the stopping criterion is set to be the capture of 500 bit errors. We compare the ergodic capacity performance as well as BER performance for various schemes. QPSK is chosen as our signal constellation. Ergodic capacity in the simulations are calculated according to eqn. (2).
We first test our precoder based on channel mean feedback, and two transmissions are assumed in the simulation. Since this focuses on precoder design for MIMO ARQ system, we only test the system performance when ARQ does occur to avoid meaningless comparisons. When the channel uncertainty is moderately small (−15 dB w.r.t. channel mean), the ergodic capacity vs SNR curve is shown in Fig. 1 . To illustrate that our scheme is practical, BER vs E b /N 0 curve is also given in Fig. 2 . As in Fig. 1 and Fig. 2 for 2 × 2 MIMO system, the proposed precoder offers approximately 4 dB gain for BER = 10 −3 , and approximately 2 dB gain for ergodic capacity. The difference between precoder based on perfect CSI and mean feedback is negligible in the two simulations.
In our second group of two simulations, we test the performance of the proposed precoder under moderately large channel uncertainties (−5 dB w.r.t. channel mean). The ergodic capacity performance is given in Fig. 3 , while BER performance in Fig. 4 . Two transmission are used in the simulation. 2 × 2 MIMO system is used in our simulations. Although the gaps between precoder based on perfect CSI and mean feedback become wider, our proposed precoding scheme still provide approximately 2 dB improve over non precoding scheme for BER = 10 −3 . 
V. CONCLUSION
In this paper, we studied the joint precoder design for MIMO-ARQ systems based on long term channel statistics. Given channel mean feedback and previous CSI knowledge, an ergodic maximizing precoding schemes is developed. The basic approach is to first project the signals to the eigen-direction of channel matrices before applying convex programming to find the optimal power load scheme. Simulation results confirm the ability of the proposed precoder in retaining most of the ergodic capacity under perfect CSI feedback.
